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Lecture Outline
-
o Discrete SS model
o Solution of discrete SS model (Time evolution)
o Controllability and observability concepts
o Mathematical conditions of controllability and observability



Discrete SS model

I ———

o Importance is because most analog systems are controlled via

digital controller

o We will find discrete SS model from the already derived
continuous time SS model (Differential Egs — Difference EQs)

X(t) = Ax(t) + Bu(t)
x(t) = e”x(0) + e % Bu(t)

t
x(t) = eAx(0) + [ )Bu(r)dr
0

t
x(t) = ®(t)x(0) + j ®(t—7)Bu(r)dr
0

D(t) = e

State Transition Matrix




Discrete SS model
K

t
X(t) = ®(t)x(0) + [ ®(t —7)Bu(r)d 7

4 0
putt =t

Ty
X(tg) = @(ty)x(0) + j ®(ty —7)Bu(r)d r
0
Multiply by (I)_l(to) = ®(—ty) and solve for x(0)
to
x(0) = ®(—tg)x(tg) — ®(~tp) j ®(tg—7)Bu(r)d
0

Back substitute x(0)

ty
x(0) = ®(~tg)x(tg) - j ®(-7)Bu(r)d ¢
0




Discrete SS model
[
t t
X(t) = D(t —tg)x(tg) - j ®(t —7)Bu(r)d 7 + j ®(t - 7)Bu(r)d r

0 0

t
=@t —tg)x(tg) + j ®(t - 7)Bu(r)d ¢
Lo

Now set {, = k7 and 7= L+ 7 where T is the sample duration (discrete)
to see transition of state variables from one sample to the next
KT +T
X(KT +T)=®(T )x(kT )+ j ®(kT +T —7)Bu(r)d ¢
kT

Now assume input u is held constant from k7to A7+ 7T
which is called zero order hold (ZOH) — u(k7+7) = u(k7) = u(k)
and use discrete time index by omitting 7



Discrete SS model
I
KT +T |
Xk +D) =@ )x(k)+| [ @©KT +T —7)dz |Bu(k)
KT
T
= ®(T )x(k)+ j ®()dv |Bu(k)
0

= Ag X(k) + Bd_u(k )

where

AT
Ag =@ )=e Forsmall 7 Aq =1 +AT

E— By ~TB

,
By = I(I)(v)dv B
0




Discrete SS model

nx1 nx1 px1 nmx1 nx1 px1
X(t) = Ax(t) + Bu(t) X(k +1) = Agx(k)+Bgu(k)
nxn nxp I nxn nxp
mx1 =1 mx1 nx1
y(t) = Cx(t) + Du(t) y(k)=Cyx(k)+ Dy u(k)
mxn mxp mxn mxp
Continuous Discrete

Ag =T =1+AT

.

MATLAB

— By = jeA"dv B=TB
0

[Aq Bq Cq Dy =
c2dm(A,B,C,D, 7,’zoh’)




Discrete SS model
N

MATLAB problem

* Find the continuous time SS model of the following TF on MATLAB

25° 4+ 85 + 6

$°+8s°+16s +6
« Find discrete time equivalent SS model of the above system

G(s)=

[AB C D] = tf2ss([2 8 6],[1 8 16 6])

[A, B, C4 D] = c2dm(A,B,C,D,1,’zoh’)




Solution of discrete SS model
N

nx1

mx1

nx1

x(k +1) = Agx(k ) +Bqu(k )

nn np

nx1

y(k)= Co|><(k)+Do|U|(k)

px1

\4

 We are going to call them A, B, C, D for simplicity but it is implicitly
known that they are the discrete equivalent of the cont. time A,B,C,D
* We need to solve this difference equation to obtain x(k) in terms of

x(0) and u

 We can use Z transform similar to what we did with Laplace
transform in the continuous case, or



Solution of discrete SS model
ECH

x(k +1) = Ax(k ) + Bu(k )
(1) = Ax(0) + Bu(0)

X(1)
Ax(1) + Bu(l) = A| Ax(0) +Bu(0)]+Bu(1):Azx(O)+ABu(O)+Bu(1)

X(2)

(
X(3)

AX(2) +Bu(2) = A[Az (0)+ ABU(0) + Bu(l)}r Bu(2)

- A%(0) + A%Bu(0) + ABu(L) + Bu(2)

k -1 .
x(k)=A*x©0)+ ¥ Ak IBug(j)

-

Similar to state Transition Matrix in discrete case




Solution of discrete SS model
N

« Try to obtain the same formula using Z transform

x(k +1) = Ax(k ) + Bu(k )

!

k -1 .
x(k)=A*x@0)+ ¥ Ak IBu(j)
j =0

* Prove that the TF in discrete case is (similar to continuous)

Y(z):[C(zI ~A) B+ D}U(z)




Controllability concept
T

lllustrative Example 1 0 3]

X(t) = 0 o X(t) + A u(t)

y(t)=[2 3|x(t)

« Eigenvalues of A are -1, -2 (poles of the system)
* Let’s find the TF

TF =C(sl —-A)'B+D

=[2 3]5—+1 (1) [ﬂ

6
=— Where is the other pole at -2 ?
S +1




Controllability concept
N

1 0] . [3
X(t) = X(t) + u (t
©=|, _,XO+ u®

y(t)=[2 3|x(t)

« Mathematically, the other pole at -2 got canceled because of the O in
the vector B together with A being diagonal which basically means
that the dynamics of the second state cannot be controlled by the
Input (the input has not control over x,) or we say X, IS not controllable

* If you dig deep, you can discover what happened to the eigenvalue at
-2 and why it disappeared in TF

* |t is because the system has a zero also at -2 that got canceled with
the pole at -2 (How can you check zeros??)

z,/-A -B
C D

=0




Controllability definition
-
X(k +1) = Ax(k )+ Bu(k )
k -1 .
x(k)=A*x@0)+ ¥ Ak Bug(j)
j=0
Assume zero initial state vector, x(0) = 0 (will get back to remove

this assumption later)
k -1

k-1 my (

xK)= 3 A TBu))

nx1 JZO ~
u(k 1) |
uk —2)

:[B AB AZB .. AHB} uk =3) | - kpxt
> e g : Input vector\U Is a
mxkp u) | |concatenation of k input

Controllability matrix C, - vectors each is px1



Controllability definition
s

k-1 :

x(k) =Y, A< IBuj)

=1 J =0 ~
u(k -1) == [x(k)=Cy U
uk —2)

:[B AB AZB . Ak_lB} uk =3) | - kpx1
- ' g : Input vector Is a
< kp u(0) concatenation of k input
Controllability matrix C, - vectors each is px1

Controllability Definition

« The system is said to be controllable if there exists a succession of

Inputs that can steer the system from an initial state vector to any desired

State vector at time k& (Important as will be related to controller design)

* In other words, if there is a solution for U to get any x(4) in the above
equation (U exists for any left hand side target x(k))




Controllability mathematical condition
N
u(k —1)

uk —2)
x(k):[B AB A%B - Ak_lB} ik -3)| = X(k)=CxU

w0

Controllability condition

 For the system to be controllable, C, must be full rank, i.e. rank(C,) = n

(why?)

When C, is full rank, the range of C, or its column space is the whole

space R™ and not just a subspace in it

Usually C, is a fat matrix (columns > rows)

* Need to check if there are n columns of C, that are independent or
not (pivot columns)

« |If they are independent, this means that a linear combination of the
columns of C, spans the entire R™ and the system is controllable



Controllability mathematical condition

-
* Check controllability of system whose C_is

Cy

1 2 3
2 4 6

rank{C,}=1 (why?) - col.2is 2*col. 1 and col.3 is 3*col.1
Formal way is to do Gaussian elimination and

find the number of pivot columns (to get
reduced row echelon form)

Cy

1 2 3
U:{ }U(Z)

)"

2 4 6

@

=u (1){;} +U (Z)Lﬂ +u(3)

— (u@®)+2u (2)+3u(3))E

In this case the column
space of this rank
deficient matrix is a
subspace (line) in R?



Controllability mathematical condition

o8y

* When C_is fat, i.e. when &>n, you do not need to check the rank of C,
but you can only check the rank of C, (why?)

ck:[B AB A%B .. A"l AMB .. AHB}

\ J
A4

Check only these columns because the rest of the
columns will be dependent on them (why?)

« Because from Cayley-Hamilton theorem, every square matrix satisfies
its own characteristic equation and hence A"B will depend on
previous columns A-21|=0

A" va, A" e, A"t 4+ d+ag =0
A" +a, A"t tra LA" 24 +aA+ayl=0

LA"=—a, Al —a, LAY —aAtapl



Controllability mathematical condition
oo f 0

« A system with matrices A,B is said to be controllable if its
controllability matrix is full rank (same for continuous and discrete)

rank{Cp}=n

Cn:[B AB A%B .. A”‘lB}

Final Note

 What if initial state vector is not zero?

x(k)=Ax(0)+C U = x(k)-A*x(0)=C, U

« Condition of controllability stays the same since going from non-zero

X(0) to x(k) is just equivalent to going from zero initial state vector to
X (k)-A*x(0)



Observability concept
oy

lllustrative Example 1 0 (3

X(t) = 0 o X(t) + . u(t)

y(t)=[2 0]x(t)

« Eigenvalues of A are -1, -2 (poles of the system)
* Let’s find the TF

TF =C(sl —-A)'B+D

~[2 0]

=— Same TF as example in slide 12
Where is the other pole at -2 ?




Observability concept
oyl

lllustrative Example 1 0 (3

X(t) = 0 o X(t) + . u(t)

y(t)=[2 0]x()

« Mathematically, the other pole at -2 got canceled because of the O in C
together with A being diagonal which basically means that the
dynamics of the second state cannot be observed at the output or we

say X, Is not observable
* If you dig deep, you can discover what happened to the eigenvalue at

-2 and why it disappeared in TF
* |t is because the system has a zero also at -2 that got canceled with

the pole at -2 (How can you check zeros??)
z,l-A -B
C D

=0




Observabillity definition
T
x(k +1) = Ax(k ) + Bu(k )
k -1 .
x(k)=A*x(0)+ Y AT TBuy(j)

Output Equation 1=0

mmm) V(k)=Cx(k)+Du(k)

k -1 .
-CA* x(0)+ ¥’ cA* I Bu(j)+Du(k)

=0
Observability Definition

 The system is said to be observable if | can uniquely know the initial
state variables with the knowledge of the succession of inputs and
outputs over finite period of time

Very important concept as it will be related to State observers that will
estimate the state variables from the knowledge of input and output




Observability mathematical condition
I

y(k)=Cx(k)+Du(k )

k-1 .
- CA*x(0)+ Y cA* TIBu(j)+Du(k)

j=0

y(0) = Cx(0) + Du(0)

y(1) = CAx(0) + CBu(0) + Du(1)

y(2) = CA%x(0) + CABu(0) + CBu(l) + Du(2)



Observability mathematical condition
I
y(0) =Cx(0) + Du(0)
y(1) = CAx(0) + CBu(0) + Du(l)

y(2) = CA%x(0) + CABU(0) + CBU(L) + Du(2)

 y(0) | C D 0 0 O o« 0 w@) T

y(1) CA CB D 0 0 o 0| u@®
y(2) |=| CA® |x(0)+| CAB CB D 0 - 0 u®
nx1 : : :
yk -1 |cak] cAk~2B cak®B ... cAB CB D|u(k-1)
mkx1 mkxn mkx pk Pkx1

Y =0y x(0)+V, U




Observability mathematical condition
N

YZOkX(O)-I-VkU
O x(0)=Y -V, U

« If I know the inputs and outputs, | know the right hand side of the

above equation
* X(0) is uniquely defined only if rank{O} = n (Why?)
« If O, is rank deficient then its nullspace is not empty - say veN (Ok )

Oy X(0) =0y [X(0)+V] =Y-V U

« If O, is a full rank matrix, its nullspace is empty other than zero vector
hence if LHS is known, x(0) is uniquely determined
Usually O, is a tall matrix




Observability mathematical condition
I

« A system with matrices A,C is said to be observabile if its observability
matrix is full rank (check only rank of O, if A>n)

rank{On } =n
P
CA
O, =| CA?




Minimal realization
A

lllustrative Example

%(t) = —2x(t) + 3u (t)
y (t) =2x(t)

TF =C(sl - A)'B+D
1

—2._~ .3
S +2

6 Same TF as example in
s 41 slides 12 and 20
« Both previous examples led to the same TF but one was
uncontrollable and the second was unobservable

 This realization of the same TF is both controllable and observable
because it is the minimal realization (only 1 state variable not 2)

A minimal realization is both controllable and observable (without proof)




